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Abstract
Let 1opp2 and q be such that 1
p
þ 1
q
¼ 1: It is well known that the norm of the Lp-Fourier
transform of the additive group Rn is jjFpðRnÞjj ¼ Anp; where Ap ¼ p
1
p
q
1
q
0@ 1A
1
2
: For a nilpotent Lie
group G; we obtain the estimate jjFpðGÞjjpA
2 dim Gm
2
p ; where m is the maximal dimension of
the coadjoint orbits. Such a result was known only for some particular cases.
r 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction
Let G be a separable locally compact unimodular group of type I, and Gˆ be
the unitary dual of G endowed with the Mackey Borel structure. Let dg be the
Haar measure on G: It is well known that the Plancherel measure m on Gˆ with respect
to the measure dg is uniquely determined by the abstract Plancherel formula. That is
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for jAL1ðGÞ-L2ðGÞ;Z
G
jjðgÞj2 dg ¼
Z
Gˆ
trðpðjÞ%pðjÞÞ dmðpÞ; ð1Þ
where pðjÞ ¼ R
G
jðgÞpðgÞ dg and tr denotes the usual trace (see [4, p. 328]). We
consider the Fourier transformF from L1ðGÞ to the space of m-measurable ﬁelds of
bounded operators on Gˆ; FjðpÞ ¼ pðjÞ; where jAL1ðGÞ and pAGˆ: Let 1opo2
and q such that 1
p
þ 1
q
¼ 1: For a m-measurable ﬁeld of bounded operators F on Gˆ; let
jjF jjq ¼
Z
Gˆ
jjFðpÞjjqCq dmðpÞ
 1
q
;
where jjFðpÞjjCq ¼ ðtrðFðpÞ%FðpÞÞ
q
2Þ
1
q: Let LqðGˆÞ be the Banach space deﬁned by the
space of measurable ﬁelds F such that jjF jjqoN: The general Hausdorff–Young
inequality (see [9]) says that
jjFjjjqpjjjjjp
holds for jAL1ðGÞ-LpðGÞ: Hence the map j/Fj from L1ðGÞ-LpðGÞ to LqðGˆÞ
extends to a continuous operator Fp : LpðGÞ-LqðGˆÞ: The norm of the map Fp is
then deﬁned as
jjFpðGÞjj ¼ sup
jjjjjpp1
jjFpðjÞjjq
and it is less than or equal to one. The work in [12] made it plausible that
jjFpðGÞjjo1 for any connected, non-compact, locally compact unimodular group G
and by a result of Fournier [6] one has that jjFpðGÞjj ¼ 1 if and only if G has a
compact open subgroup. For the case of general non-unimodular locally compact
groups, an extension of the Hausdorff–Young theorem was formulated by Terp [13]
using the notion of von Neumann algebras.
To get an estimate of the norm jjFpðGÞjj; many results have been obtained for
several kinds of groups (see [1,2,6–8,10]). For the case of connected solvable group
G; Beckner [2] treated the situation when G ¼ Rn is the abelian group and obtained
the norm jjFpðRnÞjj ¼ Anp; where Ap ¼ p
1
p
q
1
q
 !1
2
: Eymard and Terp [5] and Russo [11]
developed their Lp-Fourier analysis for the ax þ b group, the group of afﬁne
transformations of the real line. These works have been generalized by Inoue who
treated a certain class of solvable Lie groups which have square integrable
representations in the strict sense. This is a class of connected and simply connected
Lie groups G ¼ exp g where g is a normal j-algebra which is characterized by the fact
that G is an afﬁne automorphism group acting simply and transitively on a Siegel
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domain of type II (see [8]). She also studied the situation of the following restricted
class of nilpotent Lie groups.
Theorem 1. Let G be a connected and simply connected nilpotent Lie group with Lie
algebra g and m be the dimension of the generic orbits. Suppose that there exists an
open dense subset U of g%; such that the ideal generated by
S
fAU gð f Þ is abelian.
Then for 1opo2;
jjFpðGÞjjpA
2 dim Gm
2
p : ð2Þ
In the particular, case when G has irreducible square integrable representations
(mod the center of G), (2) becomes jjFpðGÞjjpA
nþdim Z
2
p : Here Z denotes the center of
G: So, for Heisenberg groups, the group Nn of n real upper triangular matrices with
ones on the main diagonal ðnX4Þ; and some low dimensional nilpotent Lie groups,
Inoue found again a similar estimate obtained by Russo [10].
In this paper, we prove inequality (2) for connected simply connected nilpotent Lie
groups using the orbit method. Our main result is the following:
Theorem 2. Let G be a connected and simply connected nilpotent Lie group with Lie
algebra g and m be the dimension of the generic orbits. Then for 1opp2;
jjFpðGÞjjpA
2 dim Gm
2
p :
From Proposition 13 of [11], it follows that jjFpðGÞjjpjjFpðRdim ZÞjj if G is
simply connected real nilpotent Lie group and of course dim ZX1: So the estimate of
both Theorems 1 and 2 turns out to be more precise. In fact 1
2
ð2 dim G  mÞ is the
dimension of the polarizing subalgebras of generic linear forms and then is strictly
greater than dim Z when G is not abelian.
2. Preliminaries
We begin this section by reviewing some useful facts and notations for a nilpotent
Lie group. This material is quite standard. We refer the reader to [3] for details.
Throughout, G will always denote a connected and simply connected nilpotent Lie
group with Lie algebra g: Let f be in g%: We take a real polarization in f ; i.e. a
subalgebra h of maximal dimension such that
f ð½h; hÞ ¼ 0:
For such a polarization, we deﬁne pf ;h by
pf ¼ pf ;h ¼ IndGH wf ;
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where wf denotes the unitary character
wf ðexp XÞ ¼ e2ipf ðX Þ 8XAh
of H: Then pf ;h is irreducible and the class p of pf ;h depends only on the coadjoint
orbit of f : Moreover, the map f/½pf ;h deﬁnes a bijection K (the Kirillov
correspondence) between the space g%=G of orbits and the space Gˆ of classes of
irreducible unitary representation of G (see [3]).
Let
f0g ¼ g0Cg1C?Cgn ¼ g
be any ﬁxed Jordan–Ho¨lder sequence in g (i.e dim gi ¼ i and gi is an ideal of g for all
i ¼ 0;y; n). Let
X1; X2;y; Xn
be an associated strong Malcev basis with XjAgj\gj1: We denote by
X%1 ; X
%
2 ;y; X
%
n
the dual basis for g%:
For lAg%; Ol ¼ Ad%ðGÞl ¼ G  l denotes the coadjoint orbit through l and
gðlÞ ¼ fXAg : lð½X ; gÞ ¼ f0gg;
the Lie algebra of the stabilizer of l: An index jAf1;y; ng is a jump index for l if
gðlÞ þ gjagðlÞ þ gj1:
We let
eðlÞ ¼ f j : j is a jump index for lg
the set of jump indices. This set contains exactly dimðOlÞ indices, which is necessarily
an even number. There are two disjoint sets of indices S; T with S,T ¼ f1;y; ng;
and a G-invariant Zariski open set U such that eðlÞ ¼ S for all lAU: Deﬁne the
Pfafﬁan Pf ðlÞ ¼ Pf gðlÞ of the skew-symmetric matrix MSðlÞ ¼ ðlð½Xi; XjÞÞi;jAS:
Then, one has that
jPf ðlÞj2 ¼ det MSðlÞ:
Let VT ¼ R-span fX%i ; iATg; VS ¼ R-span fX%i ; iASg and dl be the Lebesgue
measure on VT such that the unit cube spanned by fX%i ; iATg has volume 1. Then
g% ¼ VT"VS; VT meets U and W ¼ U-VT is a cross-section for the coadjoint
orbits through points in U: So, every G-orbit in U related to a representation pmeets
W in a single unique element lp which we call the fundamental element of p:
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Furthermore, if dl is the Lebesgue measure on W; then dm ¼ jPf ðlÞj dl is a
Plancherel measure for Gˆ the unitary dual of G: The Plancherel formula reads
jjjjj22 ¼
Z
G
jjðgÞj2 dg ¼
Z
W
jjplðjÞjj2C2 dmðlÞ:
Finally, we get the following description:
jjFpðjÞjjq ¼
Z
W
jjplðjÞjjqCq jPf ðlÞj dl
 1
q
: ð3Þ
We shall need a localized version of the Plancherel measure. Let Z ¼ exp z be the
center of G: Let A ¼ exp a be a closed connected subgroup of Z and w ¼ wc; cAa%;
be a unitary character of A: Let
Gˆw ¼ fpAGˆ: pjA ¼ wg:
Then Gˆw is a closed subset of Gˆ; in fact it is the dual space of the convolution algebra
L1ðG=A;cÞ where for 1ppoþN; LpðG=A;cÞ is deﬁned as the set of all
measurable functions j : G-C such that jðgaÞ ¼ wðaÞjðgÞ for almost all gAG with
respect to Haar measure and all aAA and such that
jjjjjp
LpðG=AÞ ¼
Z
G=A
jjðgÞjp dgoN:
The convolution here is deﬁned for j and j0 in L1ðG=A;cÞ by
j%j0ðgÞ ¼
Z
G=A
jðuÞj0ðu1gÞ du; gAG=A:
So, in this case the Plancherel formula reads: if
pðjÞ ¼
Z
G=A
jðgÞpðgÞ dg; pAGˆw;
then Z
G=A
jjðgÞj2 dg ¼
Z
Gˆw
tr pðj%%jÞ dmwðpÞ;
where the measure dmw is obtained in the following way. Let a0 be the kernel of c and
A0 ¼ exp a0: Let P : G-G=A0; p : g-g=a0 the canonical projections and %w the
character of A=A0 deﬁned by %w3PjA ¼ w:
Let also %c be the linear form on a=a0 deﬁned such that %c3pja ¼ c: So we have
LpðG=A;cÞ ¼ LpððG=A0Þ=ðA=A0Þ; %cÞ
A. Baklouti et al. / Journal of Functional Analysis 199 (2003) 508–520512
and A0 ¼ A=A0 is a central subgroup of G0 ¼ exp g0 ¼ G=A0: Let %W be the cross-
section for the G0-orbits in general position of g0%: We denote by
p% : g%-g%=a
%
0 ¼ ðg=a0Þ% the canonical projection, then
g0%%c ¼ %cþ ða=a0Þ
>; %W %c ¼ %W-g0%%c ;
g%c ¼ cþ a>; Wc ¼ p1%ð %WÞ-g%c :
We use p to transport the Lebesgue measure onWc to %W %c: For jAL
1ðG=A;cÞ we
have
jjFpðjÞjjq ¼
Z
Wc
jjplðjÞjjqCq jPf ðlÞj dl
 !1
q
:
In particular, LqðGˆwcÞ is isometrically isomorphic to Lqð #G0w %cÞ:
Furthermore, we obtain a decomposition of the Plancherel measure: for a
m-measurable ﬁeld of bounded operators F on Gˆ; we haveZ
Gˆ
FðpÞ dmðpÞ ¼
Z
a%
Z
Gˆwc
FðpcÞ dmwcðpcÞ dc:
3. Estimate of the Fourier transform norm
Let us recall ﬁrst the generalized Minkowski’s inequality for integrals. For rX1;
for two measure spaces ðX ; mÞ; ðY ; nÞ we have for any measurable function
F :X  Y-C
Z
X
Z
Y
jFðx; yÞj dnðyÞ
 r
dmðxÞ
 1
r
p
Z
Y
Z
X
jFðx; yÞjr dmðxÞ
 1
r
dnðyÞ:
We are going to prove the following theorem which obviously implies Theorem 2.
Theorem 3. Let G be a connected and simply connected nilpotent Lie group and Z be
the center of G: Let A ¼ exp a be a subgroup of Z and w ¼ wc; cAa%; be a unitary
character of A: Then, for 1opo2;
Z
Gˆw
jjpðjÞjjqCq dmwðpÞ
 !1
q
pA
2 dimðG=AÞmc
2
p jjjjjLpðG=AÞ;
where jACCðG=A;cÞ and mc ¼ supfdimðG  fÞ; fAg%c g:
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Proof. We proceed by induction on dim G þ dimðG=AÞ ¼ dðG; AÞ: The result is
obviously true if dðG; AÞ ¼ 1; since G ¼ A ¼ R: Let z ¼ zðgÞ be the center of g: We
have to treat the following cases: let as before a0 be the kernel of c and A0 ¼ exp a0:
(1) dim a0X1:
(2) dim a0 ¼ 0 and dim zX2:
(3) dim a0 ¼ 0 and dim z ¼ 1:
Case 1: Suppose ﬁrst that dim a0X1: We have seen in Section 2 that
LqðGˆwÞ ¼ Lqð dðG=A0Þ%wÞ; LpðG=A; wcÞ ¼ LpððG=A0Þ=ðA=A0Þ; w %cÞ
and A0 ¼ A=A0 is a central subgroup of G0 ¼ G=A0:The induction hypothesis applied
on ðG0; A0Þ gives us
Z
#G0 %w
jjpðjÞjjqCq dm%wðpÞ
 !1
q
pA
2 dimðG0=A0Þm %c
2
p jjjjjLpðG0=A0Þ;
where, as before, %c3pja ¼ c and m %c ¼ supfdimððG=A0Þ  fÞ; fA %cþ ða=a0Þ>;g=a0g ¼
mc; as cja0 ¼ 0: Therefore,
Z
Gˆw
jjpðjÞjjqCq dmwðpÞ
 !1
q
pA
2 dimðG=AÞmc
2
p jjjjjLpðG=AÞ:
Case 2: We suppose that dim a0 ¼ 0 and dim zX2: We choose a Jordan–Ho¨lder basis
X ¼ fXn;y; X1g; which passes through z and a; i.e. such that spanðX1;y; XkÞ ¼ z
for some k and such that a ¼ RX1; if dim a ¼ 1: We let X% ¼ fX%n ;y; X%1 g be the
dual basis of g% and we identify a% with RX%1 ; and the orthogonal a
>;z of a in z%
with spanðX%2 ;y; X%k Þ; (resp. with spanðX%1 ;y; X%k Þ), if a ¼ 0:
As dðG; ZÞodðG; AÞ; the induction hypothesis gives us that
Z
Gˆwcþa
jjpðjÞjjqCq dmwcþaðpÞ
 !1
q
pA
2 dimðG=ZÞmcþa
2
p jjjjjLpðG=ZÞ
for all jACCðG=Z;cþ aÞ and aAa>;z: We deﬁne the partial euclidean Fourier
transform #j; j in CCðG=A;cÞ; on Z=A by
#jðaÞðgÞ ¼
Z
z=a
e2ipðaþcÞðX Þjðg exp XÞ dX
for all gAG=A and aAa>;z:
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We remark that for pAGˆwcþa :
pðjÞ ¼
Z
G=A
jðgÞpðgÞ dg ¼
Z
G=Z
Z
Z=A
jðgzÞpðgÞwaþcðzÞ dz dg
¼
Z
G=Z
pðgÞ #jðaÞðgÞ dg ¼ pð #jðaÞÞ:
Let ma ¼ supfdimðAd%ðGÞÞf; fAðcþ aÞ þ z>g: It is easy to see that there exists a
Zariski open subset of a>;z; such that ma ¼ mc for every a in this subset. SoZ
Gˆw
jjpðjÞjjqCq dmwðpÞ ¼
Z
a>;z
Z
Gˆwcþa
jjpð #jðaÞÞjjqCq dmwcþaðpÞ da
pAq
2 dimðG=ZÞmc
2
p
Z
a>;z
jj #jðaÞjjq
LpðG=ZÞ da
(by the induction hypothesis)
¼Aq
2 dimðG=ZÞmc
2
p
Z
a>;z
Z
G=Z
j #jðaÞðgÞjp dg
 !q
p
da
pAq
2 dimðG=ZÞmc
2
p
Z
G=Z
Z
a>;z
j #jðaÞðgÞjq da
 p
q
dg
0@ 1A
q
p
(by the generalized Minkowski’s inequality)
pAq
2 dimðG=ZÞmc
2
p A
q dimðZ=AÞ
p
Z
G=Z
jjjðg; :Þjjp
LpðZ=AÞ dg
 !q
p
(by Beckner’s result for Rk)
¼ Aq
2 dimðG=AÞmc
2
p jjjjjqLpðG=AÞ:
Case 3: dim a0 ¼ 0 and dim z ¼ 1:
Let Y be an element of g such that Yez and ½g;RY  ¼ z ¼ RZ: Then, for all XAg;
½X ; Y  ¼ aðX ÞZ; where a is non-zero linear form of g: The subspace
h ¼ Ker a ¼ fXAg : ½X ; Y  ¼ 0g
is a one codimensional ideal in g: For lAg%; the Lie algebra gðlÞ is included in h; if
lðZÞa0: This implies that all generic orbits are saturated with respect to h: We
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choose the Jordan–Ho¨lder sequence in g
f0g ¼ g0Cg1C?Cgn ¼ g
such that gn1 ¼ h; g1 ¼ RZ and g2 ¼ RZ"RY :
Let Sw ¼ f j1o?oj2dg be the set of jump indices of the generic G-orbits in g%c
and S1;w that of H ¼ exp h: Then S1;w ¼ Sw\f j1; ng ¼ f j2o?oj2d1g and so dim G 
l ¼ dim H  ln1 þ 2 for all lAWw ¼ flAW: plAGˆwg; where ln1 ¼ ljgn1 : In particular
j1 ¼ 2: Let us write lh for the restriction to h of an element lAg%:
For every l with lðZÞa0; we have that gðlÞ is a codimension one ideal in hðlhÞ and
obviously Y ¼ X2 is a central vector in h: Finally, hðlhÞ ¼ gðlÞ"RY for all lAWw:
Let U1;w; resp. Uw be the layer of generic elements in h
%
c resp. in g
%
c andW1;c be the
cross-section of generic H-orbits through points in U1;c; resp.Wc the cross-section
for the G-orbits. We have that Pf ðlÞ ¼ lð½Y ; XnÞPf ðln1Þ (see [3]). Indeed, for l in
general position, by a simple computation:
det MSwðlÞ ¼ det MS1;wðlhÞlð½Xn; Y Þ2:
Let l be in U1;c; so lðYÞ takes an inﬁnite number of values and every value lðYÞ
determines a H-orbit in U1;c; so U1;c ¼ RUc and W1;c ¼ RWc (see [3]).
Indeed, it is easy to see, that for l ¼PiAT liX%i AWc;
lhðsÞ ¼ Ad%ðexp sXnÞlh ¼
Xn1
i¼3
qiðs; lÞX%i þ slð½Y ; XnÞY% þ l1Z%; sAR;
where qiðs; lÞ ¼ li þ rðs; li1;y; l1Þ; iAT : Denote by fhðs; lÞ the fundamental element
in the H-orbit of lhðsÞ: We have that
fhðs; lÞ ¼ Ad%ðhðs; lÞÞlhðsÞ
for some unique element modulo HðlhðsÞÞ; hðs; lÞAH: Hence, the mapping
RWc-W1;c : ðs; lÞ/fhðs; lÞ;
is a birational diffeomorphism, whose jacobian is equal to jlð½Y ; XnÞj; and so for
jACCðW1;cÞ; we have thatZ
W1;c
jðfÞPf hðfÞ df ¼
Z
R
Z
Wc
jð fhðs; lÞÞPf hð fhðs; lÞÞjlð½Y ; XnÞj ds dl
¼
Z
R
Z
Wc
jð fhðs; lÞÞPf gð fhðs; lÞÞ ds dl: ð6Þ
We realize p in general position as induced from p1; the representation of H
associated to ln1; whose space is denoted byH1: So we can identify the spaceH of
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p as L2ðR;H1Þ; the space of H1-valued L2-functions on R with the Lebesgue
measure dt:
Let us compute now for jACCðGÞ the kernel kpðjÞ of the operator pðjÞ: for
xAH; x ¼ exp tXnAG we have
pðjÞxðxÞ ¼
Z
G
jðyÞpðyÞxðxÞ dy ¼
Z
G
jðyÞxðy1xÞ dy
¼
Z
R
Z
H
jðexpðsXnÞhÞxðh1expððt  sÞXnÞÞ ds dh
¼
Z
R
Z
H
jðexpððs þ tÞXnÞhÞxðh1 expðsXnÞÞ ds dh
¼
Z
R
Z
H
jðexpððs þ tÞXnÞhÞp1ðexpðsXnÞh expðsXnÞÞxðexpðsXnÞÞ ds dh
¼
Z
R
Z
H
jðexpððt  sÞXnÞhÞp1ðexpðsXnÞh expðsXnÞÞxðexpðsXnÞÞ ds dh:
Hence
kpðjÞðt; sÞ ¼ p1s ðjðt  s; ÞÞABðH1Þ; s; tAR;
where p1s is the representation of H deﬁned by
p1s ðhÞ ¼ p1ðexpðsXnÞh expðsXnÞÞ; hAH:
This representation belongs to Hˆ and if p ¼ pl is associated with lAg%; then p1s
associated with the linear form fs;lAh
%: Hence p1s ¼ p1fhðs;lÞ:
We recall brieﬂy now an inequality of Hausdorff–Young type for integral
operators. This inequality is due to Fournier and Russo [7]. Let H be a complex
Hilbert space, BðHÞ be the space of bounded operators on H; and X be a s-ﬁnite
measure space. Let L2ðX;HÞ be the Hilbert space of square integrable H-valued
functions on X and K an integral operator on L2ðX;HÞ with an operator-valued
kernel k deﬁned as
KxðxÞ ¼
Z
X
kðx; yÞxðyÞ dy
for all xAL2ðX;HÞ; and almost all xAX: Let k%ðx; yÞ ¼ kðy; xÞ: For p; q in ½1;þN½;
deﬁne
jjkjjp;q ¼
Z
X
Z
X
jjkðx; yÞjjpCq dx
 q
p
dy
0@ 1A
1
q
:
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If pp2; if q is such that 1
p
þ 1
q
¼ 1; and if jjkjjp;q and jjk%jjp;q are ﬁnite, then the
integral operator K belongs to CqðL2ðX;HÞÞ and
jjK jjCqpjjkjj
1
2
p;qjjk%jj
1
2
p;q: ð7Þ
We shall use this inequality to estimate our norm in the third case.
We get for our kernel k ¼ kpðjÞ:
jjkðt; sÞjjCq ¼ jjp1s ðjðt  s; :ÞÞjjCq
and
jjkjjp;q ¼
Z
R
Z
R
jjkðt; sÞjjpCq dt
 q
p
ds
0@ 1A
1
q
¼
Z
R
Z
R
jjp1s ðjðt  s; :ÞÞjjpCq dt
 q
p
ds
0@ 1A
1
q
¼
Z
R
Z
R
jjp1s ðjðt; :ÞÞjjpCq dt
 q
p
ds
0@ 1A
1
q
:
It follows that:
Z
Ww
jjkpðjÞjjqp;q dmðpÞ ¼
Z
Ww
Z
R
Z
R
jjp1fs;l ðjðt; :ÞÞjj
p
Cq
dt
 q
p
dsjPf gðlÞj dl
(we use the generalized Minkowski’s inequality for the measures dt and
jPf ðlÞjds#dl)
p
Z
R
Z
Ww
Z
R
jjp1fs;l ðjðt; :ÞÞjj
q
Cq
dsjPf gðlÞj dl
 !p
q
dt
0B@
1CA
q
p
¼
Z
R
Z
W1;w
jjp1fðjðt; :ÞÞjjqCq jPf hðfÞj df
 !p
q
dt
0B@
1CA
q
p
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(we used (6))
¼
Z
R
Z
W1;w
jjp1fðjðt; :ÞÞjjqCq dm1;wðfÞ
 !p
q
dt
0B@
1CA
q
p
(we apply the induction hypothesis for the data ðH; AÞ)
p
Z
R
A
q
2 dimðH=AÞðmc2Þ
2
p jjjðt; :ÞjjqLpðH=AÞ
 !p
q
dt
0B@
1CA
q
p
pAq
2 dim G=Amc
2
p
Z
R
jjjðt; :Þjjp
LpðH=AÞ dt
 q
p
¼Aq
2dimðG=AÞmc
2
p jjjjjqLpðG=AÞ:
Finally, remark that ðKjÞ% ¼ Kj% : Hence using (6) we have thatZ
Ww
jjplðjÞjjqCq dmwðlÞp
Z
Ww
jjkjjj
q
2
p;qjjkj% jj
q
2
p;q dmwðlÞ
(we used (7))
p
Z
Ww
jjkjjjqp;q dmwðlÞ
 !1
2 Z
Ww
jjkj% jjqp;q dmwðlÞ
 !1
2
:
pAq
2 dimðG=AÞmc
2
p jjjjj
q
2
LpðG=AÞjjj%jj
q
2
LpðG=AÞ
¼Aq
2 dimðG=AÞmc
2
p jjjjjqLpðG=AÞ:
Hence, one deduces that
Z
Gˆw
jjpðjÞjjqCq dmwðpÞ
 !1
q
pA
2 dimðG=AÞmc
2
p jjjjjLpðG=AÞ;
which ﬁnishes the proof.
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